Recently, nonminimal coupling between a noncanonical scalar field and gravity in the framework of teleparallelism has been proposed. Noncanonical scalar field is tachyon field, and the model is known as tachyonic teleparallel dark energy. Here, we perform a dynamical analysis of the model, find its critical points, and study their stability. We find that all the critical points are dark energy dominated solutions corresponding to an accelerating universe. It is also shown that there exist two critical lines which are stable attractors of the model.
Introduction
Recent accelerated expansion of our universe is one of the most significant cosmological discoveries over the last decade [1] [2] [3] [4] [5] [6] . There are two possibilities to explain such a behavior. One possibility in explaining the observations is by assuming that at large scales the Einstein theory of general relativity breaks down, and a more general action describes the gravitational field. The well-known ( ) modified gravity belongs to this sort of possibilities in which one replaces the Ricci scalar in the Einstein-Hilbert action by an arbitrary function of (for reviews see [7] [8] [9] [10] ).
The other approach is modifying the content of the universe by introducing dark energy component with negative pressure whose nature and cosmological origin still remain enigmatic at present. The simplest candidate of dark energy is the cosmological constant, but it suffers from two kinds of problems: fine tuning and coincidence problem [11] .
A dynamical scalar field with tachyon, quintessence, or phantom behavior or a combination of the last two fields in a unified scenario called quintom [12] [13] [14] [15] [16] [17] [18] is another proposed for dark energy (for reviews see [19] [20] [21] [22] ).
In a different approach, avoiding the curvature defined via the Levi-Civita connection, one could explore an alternative way and use the Weitzenböck connection that has no curvature but instead torsion. This has the property that the torsion is formed completely from products of first derivatives of the tetrad, with no second derivatives appearing in the torsion tensor. This approach was considered originally by Einstein in 1928 [23] [24] [25] [26] [27] [28] [29] , as teleparallelism. It is closely related to standard general relativity, differing only in "boundary terms" involving total derivatives in the action [30] . Inspired from ( ) gravity, the so-called ( ) gravity (generalization of the teleparallel gravity) has recently drawn much attention [31] [32] [33] [34] [35] [36] .
Using the teleparallel equivalent of general relativity as the gravitational sector, recently Geng et al. have proposed teleparallel dark energy by adding a canonical scalar field, allowing for a nonminimal coupling with gravity [37, 38] . They have used the quintessence scalar field as being responsible for dark energy. Although teleparallel dark energy scenario in the minimal case is completely equivalent with standard quintessence, it shows interesting cosmological behavior in the nonminimal case. Such a model exhibits quintessence-like or phantom-like behavior and also realizes crossing of the phantom divide line [37, 38] .
In [39] , we have studied the tachyonic teleparallel dark energy where instead of quintessence we used tachyon scalar field responsible for dark energy. Such a model can also realize the phantom divide crossing. In this paper, we present a phase space analysis of the above-mentioned scenario.
One important test for dark energy models is the investigation of their phase space analysis. In such analysis, one examines whether dark energy models have attractor solutions corresponding to accelerating universe and ration of Ω DE /Ω DM of order 1. If these conditions are fulfilled, then the universe will result in that solution at late time, independently of the initial conditions, and the basic observational requirements will be satisfied [40] . Phase space analysis of various cosmological models have been studied by different authors (e.g., see [41] [42] [43] [44] [45] [46] [47] [48] ).
Phase space analysis of the original teleparallel dark energy has been done in [47] . The authors have found that this scenario possesses a late time attractor in which dark energy behaves like a cosmological constant independently of the specific values of the model parameter, and so this feature provides a natural way for the stabilization of the dark energy equation of state parameter to the cosmological constant value, without the need for parameter tuning. Here, we find the critical solutions of the tachyonic teleparallel dark energy model.
An outline of the present work is as follows. In Section 2, we briefly review our model by obtaining the energy density as well as the pressure and equation of state parameter of dark energy. In Section 3, we study the phase space analysis of the model using the system of autonomous differential equations, find its fixed points, and study their stability. Section 4 is devoted to conclusions.
The Model
We start with a brief review of teleparallel gravity. In such theory, orthonormal tetrad components ( ) are used, where an index runs over 0, 1, 2, 3 for the tangent space at each point of the manifold [23] [24] [25] [26] [27] [28] [29] [49] [50] [51] [52] [53] [54] . They are satisfied in the following relation:
where and ] are coordinate indices on the manifold, take the values 0, 1, 2, 3. The Lagrangian of teleparallel gravity is given by the torsion scalar which is defined as 
We recall that the Lagrangian density of general relativity is described by the Ricci scalar . So, our starting action in teleparallelism is as follows:
where = det( ) = √− and
Pl while is a bare gravitational constant and Pl is the reduced Planck mass. The above scenario cannot describe an accelerated universe. So, we should generalize the action (4). The generalization can be categorized in two ways: using a general function ( ) instead of in action (4) which is inspired by the well-known ( ) gravity [24-29, 37, 55-57] or adding a scalar field responsible for dark energy in (4) . Note that in the second approach one can also allow a nonminimal coupling between the scalar field and gravity.
In this paper, we consider the following action as an example of the second approach:
where ( ) is an arbitrary function of scalar field and it is responsible for nonminimal coupling between dark energy and gravity. The last term in the above action is the BornInfeld-type action for tachyon field, where ( ) is the tachyonic potential which is bounded and reaches its minimum asymptotically. We should emphasize that in torsion formulation of general relativity the only scalar is the torsion, and hence the nonminimal coupling will be between this and tachyon field in analogy with the standard nonminimal tachyon cosmology in general relativity where the scalar field couples to the Ricci scalar.
In a spatially-flat Friedmann-Robertson-Walker (FRW) space-time,
where is the cosmic time, ( ) is the scale factor and a vierbein choice of the form = diag(1, , , ); the corresponding Friedmann equations are given by
where =/ is the Hubble parameter and a dot stands for the derivative with respect to . In these equations, and are the matter energy density and pressure, respectively. They follow the standard evolution equatioṅ+ 3 (1 + ) = 0, with = / being the matter equation of state parameter. The effective energy density and pressure of tachyonic teleparallel dark energy read
where a prime denotes derivative with respect to .
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Furthermore, the equation of motion of the scalar field in FRW background (6) can be obtained by variation of the action with respect to :
Note that in (9) and (10) we have used the useful relation:
which simply arises from the calculation of (2) for the FRW metric (6) . One can see that the scalar field evolution (10) expresses the standard relation for the energy conservation:
where = / is the equation of state parameter of dark energy which is attributed to the scalar field .
Tachyonic teleparallel dark energy has been studied in [39] . It is shown that such a scenario can realize phantom divide crossing during its evolution and so exhibits very interesting cosmological behavior. Therefore, it seems necessary to perform a phase-space analysis of such theory. Note that in the original teleparallel dark energy of [37] , although the scalar field is canonical, one can obtain a dark energy sector being quintessence-like, phantom-like, or experiencing the phantom-divide crossing during evolution. The fact that the phantom regime is possible without the need of phantom fields, which have ambiguous quantum behavior [58] , is a significant advantage. In phase space analysis, we investigate late-time solutions that are independent of the initial conditions and the specific universe evolution. From here, we consider a nonminimal coupling function of the form ( ) = (1/2) 2 .
Phase Space Analysis
In order to study the phase space and stability of the model (1), we should translate the evolution equations in the language of the autonomous dynamical system = ( ) [40, [59] [60] [61] [62] , where is the column vector constituted by suitable auxiliary variables, ( ) is the corresponding column vector of the autonomous equations, and prime denotes derivative with respect to the logarithm of the scale factor = ln . The critical points are extracted from = 0, and in order to determine the stability properties of these critical points we expand around , setting = + with the perturbations of the variables considered as column vector. Thus, up to the first order we acquire = ⋅ , where the matrix contains the coefficients of the perturbation equations. For each critical point, the eigenvalues of determine its type and stability. Now, let us transform the cosmological equations into an autonomous dynamical system. To this end, we introduce the following auxiliary variables:
By rewriting the Friedmann equation (7) in terms of these variables, we reach a constraint that allows expressing as a function of the auxiliary variables as follows:
Furthermore, the auxiliary variables allow us to straight forwardly obtain the density parameter of dark energy and dark matter as
While the equation of state of the field reads
It is shown in [39] that DE can realize phantom divide crossing during the cosmological evolution. Without loss of generality, in the following we restrict ourselves in the dust matter case; that is, we assume = 0.
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Another two additional quantities with great physical significance, namely, the total equation of state parameter and the deceleration parameter are given by
We mention that relations (17) are always valid, that is, independently of the specific state of the system (they are valid in the whole phase-space and not only at the critical points).
Finally, we should be concerned with the scalar potential ( ) in order to handel the potential derivative that is present in (10) . We assume a potential of the form
Note that such an inverse square potential was used repeatedly as an example in the literature related to tachyon cosmology. The phase plane analysis of tachyon dynamics within FRW cosmology with inverse square potential has been extensively studied in [63, 64] . Tachyon dynamics for inverse square potential in loop quantum cosmology has been investigated in [65] . It is proven that there exist up to five fixed points with only two of them being possibly stable. Based on a redefinition of tachyon field, [41] has been explored tachyon dynamics for a wide class of self-interaction potentials beyond the inverse square one. It is revealed that for power law potentials the late time attractor is always the de Sitter solution while for sinh-like potentials the late time attractor can be either inflationary tachyon dominated solution or the matter scaling phase. Now, by inserting the auxiliary variables (13) into the equations of motion (7), (8) , and (10) and considering the potential (18), we obtain the following result in our setup:
) .
(19) Now, let us proceed to the phase space analysis. The critical or fixed points ( , , , ) of the autonomous system are obtained by setting the left-hand sides of the equations to zero, namely, by imposing the conditions = = = = 0. After some algebraic calculus, we find four critical points ( , , , ) and two critical lines L 1 , L 2 in our model which we have presented in Table 1 . In the same table, we provide their existence conditions. Also, we calculate the values of Ω DE , DE , tot , and which can be used to discuss whether there exists acceleration phase or not. The 4×4 matrix of the linearized perturbation equations of the autonomous system is shown in the appendix. Therefore, for each critical point of Tables 2 and 3 the 
3.2. Critical Points , , and . Like the critical point , the critical points , , and exist for < 0. The cosmological properties of these dark energy dominated solutions are the same as the properties of the critical point . These points can be stable, unstable, or saddle, depending on the sign of the eigenvalues of the corresponding linearization matrix. Note however that, since the variable has the sign of , thus critical points with > 0 (points and ) correspond to expansion, while critical points with < 0 (points and ) correspond to contraction.
The projection of the phase space evolution on the − plane, for the tachyonic teleparallel dark energy model with = − 0.001, has been plotted in Figure 1 . This figure is plotted for the case with = 0. With these values in the parameter space, this figure shows that points with = ± √ 2/2 ≈ 0.707 and arbitrary can be attractors of the model.
3.3.
Critical Line L 1 . In tachyonic teleparallel dark energy, we also have two critical lines. The critical line L 1 is a dark energy dominated solution with equation of state equal to −1. Its location is (√1 + 2 sgn( ), 0, , 0) which is shown in Table 1 . As seen from Table 2 , since in this case the two 6 Advances in High Energy Physics Before closing this section, let us make a comment on stability of the critical points and critical lines. Since the critical points and lines, which are obtained in our model, are nonhyperbolic (at least one of the eigenvalues has a zero real part), in general and unless some of the nonvanishing real parts of the eigenvalues are of opposite sign, no final statement can be made on their stability properties until the corresponding phase portraits are drawn. 
Conclusion
A detailed dynamical analysis of the teleparallel dark energy has been investigated in [47] . It is shown that the universe can result in the quintessence-like, dark-energy-dominated solution similar to standard quintessence. Additionally, teleparallel dark energy possesses an additional late-time solution, in which dark energy behaves like a cosmological constant. In [48] , dynamics of interacting teleparallel dark energy has been studied. The author has found that there exist only some dark-energy-dominated de Sitter attractors, and no scaling attractor has been found. In this paper, we have investigated the cosmological dynamics of tachyonic teleparallel dark energy model. The model is based on a nonminimal coupling between a noncanonical scalar field (tachyon field) in the context of teleparallel gravity. It is shown in [39] 
Appendix

Stability of the Critical Points
The elements of 4 × 4 matrix of the linearized perturbation equations for the real and physically meaningful critical points ( , , , ) of the autonomous system read ) .
(A.1)
Examining the eigenvalues of the matrix for each critical point, one determines its stability behavior. We mention that although the matrix has a complicated form, inserting the explicit critical points presented in Table 1 into the elements, it takes a simple form and we can easily calculate its Table 2 .
